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Abstract 
In this work, we analyze Chua's model with differential geometry, within the framework of the application of which 
the slow manifold and connecting curve are discussed using the flow curvature method and the curvature of the 
model, respectively. Consequently, we can study the metric properties of the model and also find the interesting and 
available properties intuitively by way of the numerical computations. 
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1. Introduction 
Since the nonlinear chaotic Chua's circuits exhibits a wide variety of nonlinear dynamic phenomena 
such as bifurcations and chaos, the study of this circuit is an important topic for numerous practical 
applications. Here we research on the metric properties of Chua’s circuits theoretically by means of 
differential geometry. Besides, most features of chaotic systems satisfy with the requirements of secure 
communication and crytography. And, chaotic synchronization control is the kernel technology in chaos-
based secure communication. Thus, the work studied in theory can be valuable from the viewpoint of 
practice.
On the basis of existing researches, the determination equation of the slow manifold can be deduced by 
several methods, mainly including geometric singular perturbation theory, tangent linear system 
approximation and flow curvature method. In this work, the flow curvature method is applied to provide 
the slow manifold of the Chua's model. This approach only involves time derivatives of the velocity 
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vector field, so it becomes a general method simplifying and improving the determination of analytical 
slow manifold equation for high-dimensional dynamical systems. Here our expectation is that slow 
invariant manifolds of the systems would be the important locations for the chaotic synchronization in the 
future studies.  
Furthermore, within the framework of application of differential geometry, connecting curves can be 
introduced on account of the work of Ginoux et al, which investigated that the problem of one-
dimensional sets plays a very key role in the structure of attractors by connecting their fixed points. It is 
expected that the idea of connecting curves from the viewpoint of differential geometry can be useful to 
be applied to the dynamical models. 
2. Flow curvature method and connectting curves 
In this part, we introduce the approach called flow curvature method and the idea of connecting curves 
developed by Ginoux et al. from the viewpoint of differential geometry. 
A solution of this system is the parameterized trajectory curve )(tX  whose values define the states of 
the dynamical system described as follows by equation: 
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The total derivative of )(tX  is the vector function )(t9  of the scalar variable t , namely 
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The time derivative of )(t9  is the vector function )(tȩ :
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2.1  FLOW CURVATURE METHOD 
The details of this method refer to the works of Ginoux et al. ]1[ . Here we just list the role points. 
 The location of the points where the thn )1(   curvature of the flow, i.e. the curvature of the trajectory 
curve integral of n-dimensional dynamical system (1) vanishes defines a )1( n -dimensional flow curvature 
manifold the equation of which reads: 
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Let us consider the slow manifold of two-dimensional dynamical system and that of three-dimensional 
one in the following: 
The location of the points where the local curvature of the trajectory curves integral of a two-
dimensional dynamical system defined by (1) is null, provides the slow manifold analytical equation 
associated to this system. 
The vanishing condition of the curvature provides: 
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The location of the points where the local torsion of the trajectory curves integral of a three-
dimensional dynamical system defined by (1) is null, provides the slow manifold analytical equation 
associated to this system. 
The vanishing condition of the torsion provides:  
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2.2 CONNECTING CURVES 
At a fixed point in the phase space the local stable and unstable manifolds are defined by the 
eigenvectors of the Jacobian matrix, while at a general point in the phase space the eigenvectors of the 
Jacobian with real eigenvalues define natural displacement directions. In the phase space, there are two 
eigenvalues of a complex conjugate pair and real one, and the real eigenvector is parallel to the vector 
field that defines the flow. 
The classical curvature along a trajectory is defined in terms of the velocity vector )(tV  and the 
acceleration vector )(tJ  by 1k .
We define connecting curves as the curves along which the curvature 1k  is zero. 
The equation VJV O  represents a set of n  equations in 1n  variables. These n  equations define a 
one-dimensional set in the enlarged )1( n -dimensional space. The projection of this one-dimensional 
curve into the n -dimensional phase space is the connecting curve of the dynamical system. This set is a 
smooth curve that passes through fixed points. 
3.  Slow manifold and connectting  
The Chua's circuit is a nonlinear system which plays a crucial role in the study of circuit models. Even 
the possibility to achieve secure communication via chaotic synchronization has been experimentally 
demonstrated. 
The Chua's model is written as 
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with H  and P  are real parameters: 
94.6,01.0   PH .
where the function 
if  are infinitely differentiable with respect to all x , y , z  and t , i.e. are fC
functions in a compact E  included in 3R  and with values in R .
The slow manifold equation is provided by the flow curvature method and it is plotted in Figure 1. 
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Figure1.  The slow manifold of the Chua's model 
According to the numerical computation, we can get three fixed points of the Chua's model, where 
three corresponding different eigenvalues can be obtained. Thus, in the following the figures are shown 
respectively as the eigenvalues changes via the idea of connecting curves mentioned above. Besides, the 
connecting curves of the Chua's model are presented in both the yx  and zx   projections to make us 
out that the connecting curves pass through all three fixed points. 
414.2971  O , )0,575587.0,822268.0(},,{ 111  zyx .
Figure2.  Connecting curve of the Chua's model when 1O  equals to 414.297 .
Figure3. The yx  and zx   projections of connecting curve when 1O  equals to 414.297 .
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Figure4.  Connecting curve of the Chua's model when 2O  equals to 971.207 .
 Figure5.  The yx  and zx   projections of connecting curve when 2O  equals to 971.207 .
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Figure6.  Connecting curve of the Chua's model when 3O  equals to 899.693 .
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Figure7.  The yx  and zx   projections of connecting curve when 3O  equals to 899.693 .
4.  Concluding remarks 
We have analyzed the metric features of the Chua's circuits theoretically, but it remains to be 
demonstrated that it is worthy and valuable to be studied in future work. Numerical computations are 
presented to verify the results as follows.  
The location of the points where the curvature of the trajectory curve vanishes defines a manifold 
called flow curvature manifold. For high dimensions greater than three, the approach proposed by Ginoux 
et al.[2006] is much better convenient and more practical, which uses neither asymptotic expansions nor 
eigenvectors, but simply involves time derivatives of the velocity vector field. This approach is based on 
the idea that if it is generally impossible to have a closed form of trajectory curve it still possible to 
analytically compute its curvatures since it only involves its time derivatives. We have shown clearly that 
the slow manifolds are the parts of the attractor of the Chua's model. The slow part of the attractor can be 
plotted on the slow manifolds. 
What's more, it is evidently observed that the connecting curve plays an important role as an axis 
around which the flow rotates in terms of the above shown figures. Clearly, the figures show that the 
connecting curve provides important information about the structure of the attractor, as the flow swirls 
around the connecting curve in the attractor. 
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